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Visual Monitoring of Points of Interest on a 2.5D
Terrain using a UAV with Limited Field-of-View

Constraint

Parikshit Maini, Pratap Tokekar and P.B. Sujit

Abstract1

We study the problem of visually monitoring a set of points on a 2.5D terrain using an Unmanned Aerial2

Vehicle (UAV) with a downward-facing camera. The goal is to find a tour of minimum length for the UAV to3

visually inspect all points of interest. Varying terrain and limited field-of-view of the camera restrict the visibility of4

the UAV and can create obstacles in the flight path, making the problem challenging. The problem is NP-Hard and5

generalizes the Traveling Salesperson Problem (TSP). We present several algorithms to solve this problem. Our main6

theoretical contribution is a constant-factor approximation algorithm (assuming fixed parameters for the terrain).7

We also present a practical algorithm that uses the solution to a Generalized TSP sub-instance. We benchmark the8

GTSP based algorithm using a branch-and-cut Integer Linear Programming formulation and find that the proposed9

algorithm scales to much larger instances and is computationally fast. We also show proof-of-concept using field10

deployment of a UAV to visually monitor points of interest in the environment.11

Index Terms12

UAV; route planning; aerial monitoring; visibility-based planning; path planning;13

I. INTRODUCTION14

Visual surveillance and monitoring is an important application area for Unmanned Aerial Vehicles15

(UAVs). Crop management [1], area coverage [2], [3], terrain mapping [4], structural inspection [5], and16

disaster management [6], [7] are some applications where UAVs present a promising solution, essentially17

acting as “eyes in the sky.” When planning paths in such missions, it is important to take visibility18

obstructions into account. Landscape features such as mountains, gorges, buildings, and bridges limit19

the line-of-sight of the UAVs. Besides, operative limitations such as camera Field-of-View (FOV) and20

maximum flight altitude corresponding to the image resolution and/or regulatory requirements also restrict21

visibility. Such restrictions must be accounted for when planning for visual monitoring missions. In this22

paper, we address the visual monitoring problem on terrains using a UAV while accounting for camera23

FOV and terrain imposed visibility restrictions (Figure 1).24

Specifically, the input to our problem is a set of points of interest on the terrain that must be monitored25

by a UAV with a downward-facing camera. The goal is to find a tour such that every point of interest is26

seen by the UAV and the UAV tour length is minimized. The energy and time consumed by the UAV to27

complete a path is usually proportional to the length of the path and hence is a useful metric to evaluate28
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Fig. 1: (a) A instance of the terrain modeled as 2.5D TIN (triangular irregular network) showing the set of points of interest marked with
blue spikes. (b) These points must be monitored by a UAV with a downwards-facing camera flying at altitude h. Camera FOV shown in red
conical regions.

the quality of paths computed by a planner. The flight altitude maybe selected as a user input parameter29

based on the required image resolution and local regulations. It maybe constant or variable as in the case30

of constant resolution visual monitoring. The flight altitude for monitoring a point of interest needs to be31

higher than the altitude of the point of interest but need not be above the highest point in the terrain. As32

a result, parts of the terrain above the fixed altitude plane also act as obstacles on the flight path for the33

UAV, which further complicates the problem.34

A naive strategy is to visit a point directly above each point of interest which is equivalent to solving35

the Traveling Salesperson Problem (TSP). The TSP problem is NP-Hard [8]. However, this strategy does36

not take into account the FOV of the camera. The UAV may be able to view a point of interest even when37

not directly above it and may also observe multiple points of interest from the same location. Thus the38

problem results in a combinatorial optimization problem that requires solving for the locations to monitor39

the points of interest and to find a minimum cost tour that visits them. We present several algorithms to40

address this problem.41

Paper Organization: The rest of the paper is organized as follows. We present a literature survey and42

discuss the contributions and relevance of this work in Section II. We formalize the UAV routing problem43

on terrains and discuss preliminaries in Section III. In Section IV, we present the main theoretical results44

of the paper. In Section V, a practical GTSP-based algorithm is developed for route planning for the45

UAV. Sections VI and VII discuss evaluation results in simulation and field demonstration, respectively.46

We make concluding remarks and identify future directions in Section VIII.47

II. RELATED WORK48

The visual monitoring problem broadly falls in the category of aerial coverage using UAVs. Applications49

include target monitoring [9], surveillance [10], [11], and persistent monitoring [12]. There has been50

relatively limited work on aerial coverage with UAVs that take into account constraints introduced51

by terrains. Terrain visibility, however, is a well-studied problem in computational geometry [13] and52

graphics [14] literature. In particular, terrain guarding [13] and watchtower problems [15] ask for a53

stationary camera placement either on the terrain or at some fixed height above the terrain to ensure line-54

of-sight area coverage of all points on the terrain. Most versions of these camera placement problems,55

especially when considering a terrain, turn out to be NP-Hard. The mobile version of the problem is56

known as the Watchman Routing Problem (WRP) [16]. In the typical formulation, the environment is a57

2D polygon and the robot has omni-directional vision with no FOV constraints [17], [18]. In our previous58

work [19], [20], we developed algorithms for visibility-based coverage of piece-wise linear features within59
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a terrain. We model such features using a 1.5D representation and exploit the geometric structure to develop60

a discretization of the visibility constraints. In this paper, we address the visual monitoring problem on61

2.5D terrains where no such geometric structure is available. Efrat et al. [21] studied the visual monitoring62

problem for a 2.5D terrain under some specific conditions; in particular, they assume that the robots move63

in straight lines and the camera’s FOV spans a vertical plane that can sweep a terrain.64

The most closely related work to ours, is that of Choi et al. [22] and Plonski et al. [23], [24]. Choi et65

al. [22] address the trajectory planning problem for the UAV at a fixed distance from the terrain while66

also taking the camera viewing angle into account. However, their method does not model a finite FOV67

camera and no theoretical guarantees are presented. Plonski et al. [23], [24] account for the camera FOV68

and also give approximation guarantees. They address the problem of viewing a set of points using an69

aerial robot with a conical FOV but they do not consider any visibility restrictions due to the terrain. They70

assume that all the points to be observed are on a plane and there are no obstructions to the visibility71

cones due to the terrain. We explicitly consider issues that arise due to obstructed visibility by the terrain72

and limited FOV of the camera. To the best of our knowledge, there does not exist any other work in the73

literature for route planning for a UAV for visual monitoring on a terrain while considering both camera74

field-of-view limitations and visibility restrictions due to terrain geometry.75

Contributions: We formally introduce the visual monitoring problem on terrains for a UAV with76

limited FOV. Our main theoretical contribution is a constant-factor approximation algorithm for solving77

the planning problem (Section IV). The constant-factor depends on the terrain geometry related parameters78

but is otherwise independent of the size of the input including the number of points of interest. This79

algorithm does not require any discretization and runs in polynomial time. We also present a practical80

algorithm that uses a Generalized Traveling Salesperson Problem (GTSP) solver as a subroutine (Section81

V). We empirically evaluate the performance of the algorithm using a new Integer Linear Programming82

(ILP) formulation implemented within a branch-and-cut framework as a baseline. We also carry out proof-83

of-concept field deployments using a UAV to monitor points of interest in a campus environment. Our84

methods are applicable to both constant and varying altitude UAV operations. For ease of explanation,85

we develop our methods and analysis considering constant altitude flight and present pointers for use in86

the case of variable altitude flight operations.87

III. PROBLEM FORMULATION AND PRELIMINARIES88

In this section, we describe the notation used in the paper and formally define the problem addressed in89

this work. We also present background information to compute visibility regions for points on a terrain.90

A. Problem Formulation91

Consider an environment E and a set of points of interest, P = {p1, . . . , pm}, as shown in Figure 1a.92

We model E as a 2.5D polyhedral terrain, represented as a Triangular Irregular Network (TIN) ([25], pg93

352). Such a representation for the terrain ensures that there exists exactly one point on the surface of the94

terrain along the Z-axis for every point on the X-Y plane. The points of interest are located on the surface95

of E . Without loss of generality, we assume that the lowest point on the terrain is at z = 0 and the highest96

point of interest is at z = l. Further, γ > 0, is the minimum angle made by any line joining two points on97

the terrain with respect to the Z axis. We assume that the UAV is equipped with a fixed downward-facing98

camera having a constant focal length and a finite field of view. While our solution methods do not impose99

a restriction on the shape of the FOV, for ease of exposition we consider a circular FOV. The FOV may100

then be represented as a fixed view angle, δ, in every direction. Thus, the camera casts a conical FOV on101

the terrain, as shown in Figure 1b. To aid in the development of our methods and analysis we consider102
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that the UAV operates at a fixed altitude z = h. We also assume that h > l, i.e., the altitude at which103

the UAV operates is above the highest point of interest to be monitored. This guarantees that any point104

of interest on the surface of the terrain can at least be observed from a location directly above it and105

hence there exists a feasible solution to the problem. We discuss the extension to variable altitude flight106

operations for each method in the corresponding sections.107

We assume ideal operating conditions and ignore the effects due to wind and adverse weather. Further,108

the terrain is accurately modeled and the UAV has complete situation awareness of obstacles in the flight109

path. The UAV is assumed to have perfect localization and is equipped with a navigation controller that110

allows the UAV to travel between two waypoints. These are standard assumptions that allow modular111

computation of the UAV route. It may also be noted that the route planning problem is solved offline112

and relates to computation of a sequence of waypoints such that the objective of the problem (as given113

below) is met.114

Problem 1 (UAV Routing Problem on Terrains (URPT)): Given an environment with a polyhedral terrain,115

a set of points P located on the terrain, a UAV equipped with a fixed downward-facing camera with a116

view angle δ and operating at a fixed altitude h above ground level, find a minimum length tour for the117

UAV to visually monitor all points in the set P .118

Our strategy for solving URPT works in two phases. In the first phase, we compute Vi, the 2D visibility119

region for each point of interest, pi, in the fixed altitude flight plane. Visibility region of a terrain point is120

a closed connected space without holes in this plane. Due to occlusions with the terrain, these visibility121

regions may have complex geometric shapes (Figure 2b). If the robot visits any point within Vi, it can122

visually monitor pi. In the second phase, we compute a tour for the aerial robot to visit at least one123

point in each visibility region. We present two strategies for solving this problem: (1) A polynomial-time1
124

constant-factor approximation algorithm2 that does not require any discretization of the visibility region125

(Section IV). (2) A practical algorithm that uses a solution to a GTSP sub-instance to solve URPT (Section126

V). We compare and benchmark the practical approach with a branch-and-cut ILP approach.127

In the next subsection, we review a method that is employed to compute the visibility region for each128

point of interest.129

B. Visibility Computation130

Consider a point, pi ∈ P , that needs to be monitored as shown in Figure 2a. To compute the visibility131

region for pi on the terrain, we place a viewpoint at pi and compute terrain visibility. The farthest visible132

point in a given radial direction, that obstructs all points beyond itself when viewed from a specific133

viewpoint is called the global horizon point [14] and is expressed in terms of the elevation angle ε.134

The locus of all global horizon points forms the global horizon. Visibility angle υ in a radial direction135

is computed as the complement of the elevation angle of the global horizon point. The smaller of the136

visibility angle and the camera view angle defines the boundary of the visibility region in a radial direction.137

Horizon computation is a well-studied problem in the graphics literature ([14] and references within).138

We use the approximate horizon computation method developed by Stewart [27] to compute the horizon139

at each point of interest within the terrain (Figure 1a). However, our solution approach is independent of140

the horizon computation algorithm used and other methods in the literature may also be used. To compute141

1An algorithm whose order of growth of its runtime is a polynomial function of the size of its input is referred to as a polynomial-time
algorithm [26].

2An algorithm that returns near-optimal solutions is called an approximation algorithm [26]. Constant-factor refers to the approximation
ratio of the approximation algorithm being independent of the size of the input.
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(a)

(b)

Fig. 2: (a) Global horizon point is the farthest visible point in a radial direction. ε is the elevation of the horizon point, υ is the visibility
angle and δ is the camera view angle. The minimum of υ and δ determines the boundary of the visibility region in a given radial direction.
(b) Visibility regions (red closed shapes) on the constant altitude plane for a set of points on the terrain. Visibility region boundary for each
point is marked in a different color for ease of distinguishing. The boundary for a visibility region is computed as the linear interpolation
of the projections in d radial directions.

the horizon, the radial space is sampled in a discrete number of values, d3 and the minimum of υ and δ142

is computed in each direction. Linear interpolation of the extended projections in each direction on the143

flight plane is then used to compute the visibility region as shown in Figure 2b.144

Stewart’s method [27] computes an approximation of the global horizon. It divides the angular space145

into k sectors and computes a constant horizon value for each sector. To compute the elevation angle146

for a particular sector a coordinate transformation is performed to align the new axes with the a (π/2)147

clockwise rotation of sector boundaries. It computes the maximum sectoral elevation as the maximum148

elevation angle amongst all points that lie in a sectoral space when observed from a viewpoint. This is149

repeated over all sectors to compute the maximum elevation (read global horizon). The elevation in turn150

is used to compute the visibility angle for each direction for all points of interest. The number of sectors,151

k, is an input parameter and affects the accuracy of the approximate horizon computation method. Narrow152

sectors (large k value) can miss terrain features and underestimate the elevation, while broad sectors (small153

value of k) could lead to unwanted over estimation. The interested reader may refer [27] for further details154

on the algorithm.155

IV. POLYNOMIAL-TIME APPROXIMATION ALGORITHM156

In this section, we present a constant-factor polynomial-time approximation algorithm for solving URPT.157

The input to our algorithm is the set of visibility regions that are computed using the method described in158

Section III-B. The problem of finding the shortest tour that visits a set of 2D regions is known as the TSP159

with Neighborhoods (TSPN). The neighborhoods correspond to the visibility regions in our case. TSPN is160

NP-hard. However, there exist polynomial-time approximation algorithms for many special cases such as161

when the neighborhoods are all disks of the same radii [28] and non-overlapping convex polygons [29].162

The visibility regions in our case may not necessarily be polygonal (for example, they may contain163

circular arcs) or convex. In general, they can be overlapping. Further, the UAV flight plane may or may not164

be above the highest point on the terrain and parts of the terrain may act as obstacles along the flight path165

for the UAV. Nevertheless, we show how to approximate the visibility regions by possibly-overlapping166

disks of the same radius and consider the effect of obstacles on the path length in our analysis. We then167

show that this approximation still yields a tour whose length is bounded with respect to the optimal.168

3Sampling resolution, d, is a user-input parameter discussed in Section V
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Fig. 3: To compute a tour that visits at least one point in each inner disk, the approximation algorithm works as follows. (a) It computes
the maximum independent set of non-overlapping inner disks. (b) It then computes a 3

2
-approximation to the metric TSP tour that visits the

center of the disks found in the first step. The tour is shown in blue. Remember that there may be obstacles in the environment that would
be accounted for in the cost matrix. Hence, a metric TSP is computed. (c) Every time the tour enters a new disk, add a 2π∂ detour around
the circumference of the disk and then move to the center. The tour with the detours added is shown in red.

A. Algorithm Description169

Consider the set of visibility regions, V = {Vi : i ∈ [1,m]}, corresponding to the points of interest170

pi ∈ P that the robot must monitor. We start by replacing each Vi by an inner disk, ∂i, such that it is171

completely contained within Vi, i.e., ∂i ⊆ Vi. The inner disk ∂i lies in the fixed flight altitude plane and172

is centered at the same coordinates, xi = (xi, yi), as pi. Let ∂ be the set of all inner disks. All inner disks173

have the same radius of r∂ , min{(h− l) tan γ, (h− l) tan δ}.174

We next find a tour that visits at least one point in each inner disk, ∂i, as follows: (1) Find the maximum175

independent set of non-overlapping inner disks, say ∂I . (2) Find a 3/2–approximation to the optimal TSP176

tour that visits the center of all disks in ∂I . (3) Follow the tour found in the second step. Every time the177

tour enters a new disk, take a detour to follow the circumference till you reach the same point again and178

then move towards the center. Note that this step adds a detour of length at most 2πr∂ to the TSP tour.179

In step (2), we find a TSP tour that visits the centers of all disks in the fixed altitude plane at height180

h. If the fixed altitude plane is above the highest point on the terrain, then this amounts to solving a181

Euclidean TSP on the plane. This is NP-complete but there exists a (1+ ε)–approximation algorithm [8].182

However, if the fixed altitude plane is below the highest point on the terrain, then the fixed altitude plane183

will contain holes (i.e., obstacles that the robot cannot pass through). In such a case, we can solve the184

problem as a metric TSP instance by creating a complete graph where edge costs are the shortest distance185

between the pair of points (considering the obstacles). Metric TSP has a 3/2–approximation algorithm186

using the Christofides heuristic [30]. In the analysis, we assume the worse 3/2–approximation for step187

(2). The reason to add a detour around each disk on the tsp tour is to ensure, any overlapping disks that188

were not included in the set ∂I are also visited by the UAV. We show that this algorithm returns a valid189

tour for URPT that is within a constant-factor of the optimal tour. Algorithm 1 shows the psuedocode for190

the approximation algorithm.191

B. Theoretical Analysis192

Let L∂ be the length of the tour found by our algorithm. We first provide an upper bound to the length193

of this tour. Let L∗V be the length of the optimal tour that visits at least one point in each visibility194
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Algorithm 1 Approximation Algorithm
Input: V,P
Parameters: h, l, γ and δ
Output: a valid URPT tour for the UAV

1: Fit an inner disk, ∂i of radius, r∂ , min{(h− l) tan γ, (h− l) tan δ}, within each Vi ∈ V
2: Find the maximum independent set of non-overlapping disks
3: Compute a 3

2
-approximation to optimal metric TSP tour that visits the center of each disk

4: Follow the tour computed in step 3 and add a detour around each new disk that it enters

Fig. 4: A 1D slice of the terrain.

region, Vi ∈ V , i.e., the optimal solution to URPT. We start by showing that visiting all the inner disks195

is sufficient to visit all Vi, i.e., to monitor each point of interest.196

Lemma 1: The inner disk ∂i is completely contained in Vi.197

Proof 1: Consider any point on the boundary of Vi. If we show that the distance between that point198

and the center of ∂i, say x, is no less than r∂ , then we are done. We have two possibilities: the line199

joining that point and pi does not pass through any other point on the terrain or the line does pass200

through some other point on the terrain. For example, in Figure 4 point z corresponds to the former and y201

corresponds to the latter. Therefore, we have ∠zpix = δ and ∠ypix ≥ γ. Furthermore, distance between202

x and pi is no less than h − l. Therefore, the distance between z and the center of the disk is no less203

than (h − l) tan δ and that between y and the center of the disk is no less than (h − l) tan γ. Since,204

r∂ = min{(h− l) tan γ, (h− l) tan δ}, both y and z are no less than r∂ away from the center of the disk.205

�206

Next, we relate L∂ and L∗V as a function of the maximum number of non-overlapping inner disks.207
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Specifically, let ∂I ⊆ ∂ be the largest set of inner disks, ∂i, such that no two disks overlap with each208

other. This can be found out greedily by constructing the maximum independent set of the disks, as shown209

in [28]. Let m∂ be the number of disks in ∂I .210

Lemma 2: Let L∂ be the length of the tour found using the proposed algorithm. Then we have:

L∂ ≤
3

2
(L∗V + 2m∂h tan δ) + 2m∂πr∂,

where m∂ is the maximum number of non-overlapping inner disks, ∂I .211

Proof 2: The length of the tour, L∂ , is equal to the distance traveled to visit the centers of the disk in
∂I (Step 2) and the detours added every time a new disk is visited (Step 3). Let L∗TSP be the length of the
optimal TSP tour that visits the center of the disks in ∂I . Although finding L∗TSP is NP-hard, there exists
polynomial time approximation algorithms that find a tour whose length is at most 3

2
L∗TSP as described

earlier. Therefore,
L∂ ≤

3

2
L∗TSP + 2m∂πr∂ (1)

≤ 3

2
(L∗V + 2m∂r∂) + 2m∂πr∂. (2)

The second inequality follows from the fact that we can always construct a tour that visits the center212

of the disks in ∂I by first finding the optimal tour that visits at least one point in each disk in ∂I (of213

length L∗∂) and then adding a detour of at most 2r∂ to visit the center. That is, L∗TSP ≤ L∗∂ + 2m∂r∂ and214

L∗∂ ≤ L∗V . �215

We now show a lower bound on the length of the optimal tour. Recall that h is the height of the fixed-216

altitude flight plane and δ is the FOV angle. We construct a lower-bound approximation tour for the217

optimal one as follows. Replace each Vi by a disk, say Di, whose radius is equal to rD , h tan δ. Let218

D denotes the collection of all the disks Di. The disk, Di lies in the constant altitude flight plane at the219

height h and centered at the same x and y coordinates as that of pi.220

Lemma 3: The visibility region Vi is completely contained within the disk Di.221

Proof 3: Recall that Vi is obtained by projecting a reverse cone whose apex is at pi on the fixed altitude222

plane at height h. Let the coordinates of pi be (xi, yi, zi). Consider a reverse cone centered at (xi, yi, 0).223

Further assume that this cone is not obstructed by any point on the terrain. It is clear that this cone224

completely contains the cone drawn at pi. The intersection of the larger cone with the fixed altitude plane225

at height h yields the disk Di. Therefore, Vi is completely contained within Di. (In the extreme case, Vi226

is the same as Di.) �227

Lemma 4: Let L∗D be the length of the optimal tour that visits at least one point in each disk, Di ∈ D.
We have:

L∗D ≤ L∗V .
228

Proof 4: From Lemma 3, we know that Vi ⊆ Di. Therefore, any tour that visits at least one point in229

each Vi is also a tour that visits at least one point in each Di. Thus, the optimal tour (of length L∗V ) that230

visits at least one point in each Vi is also a tour that visits at least one point in each Di. However, L∗D is231

the length of the optimal tour that visits at least one point in each Di giving L∗D ≤ L∗V . �232

Finally, we lower bound the length of the optimal tour that visits at least one point in each Vi. We relate233

the lower bound to the maximum number of non-overlapping outer disks. Let DI ⊆ D be the largest set234

such that no two outer disks overlap with each other. Let mD be the number of disks in DI .235

Lemma 5: Let L∗V be the length of the optimal tour that visits at least one point in each Vi and mD ≥ 3.
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We have:
L∗V ≥

mD

2
αrD

where α = 0.4786.236

Proof 5: From Theorem 1 in [31], we know that any tour of length L that visits at least one point in237

mD disjoint disks of radius rD satisfies: L ≥ mD

2
αrD. Tekdas et al. in [31] also show that α = 0.4786238

when mD >= 3. Therefore, the optimal tour of length L∗DI
that visits all the mD disks in DI must satisfy:239

L∗DI
≥ mD

2
αrD. Since DI ⊆ D, the optimal tour that visits at least one point in each disk in D will have240

a length: L∗D ≥ L∗DI
≥ mD

2
αrD. From the above equation and Lemma 4, we get the desired inequality.�241

What remains to be shown is the relationship between mD and m∂ . It is easy to see that m∂ ≥ mD, i.e.,242

the number of non-overlapping outer disks (in D) cannot be more than the number of non-overlapping243

inner disks (in ∂). We will show that m∂ cannot be arbitrarily larger than mD.244

Lemma 6: Let mD and m∂ be the maximum number of non-overlapping outer disks, Di, and inner
disks, ∂i, respectively. We have:

m∂ ≤
(
2rD
r∂

)2

mD.
245

Proof 6: Consider an outer disk, Di, whose radius is equal to rD. Draw another disk, say D′i, whose246

radius is equal to 2rD with the same center. Any inner disk that intersects with Di is completely contained247

within D′i. We now bound the maximum number of inner disks that can be packed within D′i without any248

two overlapping. One inner disk has an area of πr2∂ . Therefore, at most
(

2rD
r∂

)2
non-overlapping inner249

disks are contained within D′i. Since there are mD non-overlapping outer disks, we get the desired result.250

�251

We are now ready to state the main result of this section.252

Theorem 1: Let L∂ be the length of the tour found using the proposed algorithm. Let L∗V be the length
of the optimal tour that visits at least one point in each visibility region, Vi. We have:

L∂ ≤
(
3

2
+ 155.17c

)
L∗V , (3)

where c , h
(h−l)

tan δ
min{tan γ,tan δ} and h is the height of the fixed-altitude plane, l is the altitude of the253

highest point of interest, δ is the FOV angle, and γ > 0 is the minimum angle between any two points254

on surface on the terrain with respect to the Z axis.255
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Proof 7: We know from Lemma 2,256

L∂ ≤
3

2
(L∗V + 2m∂r∂) + 2m∂πr∂,

≤ 3

2

(
L∗V + 2

(
2rD
r∂

)2

mDr∂

)
+ 2

(
2rD
r∂

)2

mDπr∂,

≤ 3

2

(
L∗V + 2

(
2rD
r∂

)2
2

αrD
L∗V r∂)

)
+ 2

(
2rD
r∂

)2
2

αrD
L∗V πr∂,

≤
(
3

2

(
1 + 16

h

α(h− l)
tan δ

min{tan γ, tan δ}

)
+

16π
h

α(h− l)
tan δ

min{tan γ, tan δ}

)
L∗V

≤
(
3

2
+ 155.17c

)
L∗V

≤ O(1)L∗V .

This shows that the proposed algorithm yields a constant-factor approximation. The constant depends257

on three parameters, maximum height of a point of interest, the height of the fixed-altitude plane, and the258

maximum slope angle of the terrain, but is otherwise independent of the input (e.g., |P|, the width of the259

terrain, etc.). �260

Theorem 2: Let m be the number of points of interest (equal to number of visibility regions). Then the261

approximation algorithm in Section IV-A has a time complexity O(m2 log(m)), which is polynomial in262

m i.e. the number of visibility regions (equal to number of points of interest).263

Proof 8: The algorithm in Section IV-A comprises of three steps. The first step makes a pairwise check264

for overlap of inner disks corresponding to visibility regions. The number of pairs may be computed as265

a selection, Cm
2 , and is equal to m(m−1)

2
. The check for a single pair can be performed in constant time.266

Thus step one has a time complexity O(m2). The second step invokes Christofides [30] 3
2
-approximate267

algorithm to compute a TSP tour to visit the centers of all non-overlapping disks. This step has time268

complexity O(m2 log(m)) as shown in [30]. Step 3 adds a detour at each point on the TSP tour to follow269

the circumference of the disk. Computing the detour takes constant time for each point. Thus step 3 is270

linear in the number of points of interest (O(m)). Hence the approximation algorithm in Section IV-A271

to compute a tour for the aerial robot to visit each visibility region has time complexity O(m2 log(m)),272

which is polynomial in the number of points of interest. �273

C. Extension to variable altitude flight operations274

The same approximation algorithm may also be used in the case of constant resolution imagery (variable275

flight altitude) missions to compute UAV tours within a constant-factor of the optimal. The visibility cones276

in constant resolution flights would all be of the same size and the highest visibility region, Vi, would277

be at altitude h+ l. In step (2) of the algorithm, the cost of paths between centers of inner disks within278

visibility regions must then account for a three dimensional traversal of the UAV. For doing the theoretical279

analysis, it is easy to see that the enclosing outer disks (Di) and enclosed inner disks (∂i), used to compute280

the lower and upper bounds on the UAV tour respectively, are still valid and a similar analysis can be281

used to find the constant approximation factor.282

V. A PRACTICAL ALGORITHM FOR ROUTE PLANNING283
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In the previous section, we presented a polynomial-time algorithm for solving URPT. Given fixed284

parameters for the terrain, it yields a constant-factor approximation which is appealing from a theoretical285

standpoint. In this section, we present a practical approach for finding the routes. Our approach is based286

on using the solution to a Generalized Traveling Salesman Problem (GTSP) sub-instance to solve the287

UAV route planning problem. GTSP can be thought of as the discrete version of TSPN, where each288

neighborhood is replaced by a cluster of points. The input to GTSP is a complete graph, as in TSP, and289

a cluster number for each vertex. The goal is to find the minimum-cost tour that visits at least one vertex290

in each cluster.291

Consider a GTSP instance, where the clusters of vertices have a one to one mapping to the visibility292

regions, V , in the corresponding URPT instance. A GTSP tour that visits a vertex in each cluster can293

then be used to construct a tour for the UAV that visits each of the visibility regions. A naive approach294

to design such a GTSP instance is to discretize each visibility region, Vi. All sample points within Vi295

can then be clustered together in the input to GTSP. Visiting any one of these sample points on the tour296

will be sufficient to monitor pi. While this is sufficient, it is not necessary to discretize all of Vi. Instead297

we show that it is sufficient to discretize only the boundaries of these 2D visibility regions. This leads298

to smaller sized instances and consequently faster computation times. Similar ideas have been used by299

Obermeyer et al. [4] for path planning for a non-holonomic robot through a set of polygonal spaces.300

A. GTSP-Based Algorithm301

We start by computing the visibility regions for all points of interest, as discussed in Section III-B. If a302

visibility region, say Vi, completely contains all other visibility regions, then Vi is redundant and can be303

ignored. This holds true since any tour that visits a point in Vi’s interior also visits Vi. We can preprocess304

the visibility regions to find all non-redundant regions. For ease of exposition, in the following, we will305

assume that none of the m regions are redundant.306

Next, we uniformly sample d points on the boundary of each visibility region. Let Si be the set of307

sample points on the boundary of Vi. These sets of sample points then form the point clusters given as308

input to the GTSP sub-instance. In case of overlapping regions, some of these sample points may also309

lie in the interior (or on the boundary) of other visibility region(s). We duplicate such points and add a310

copy to the set of sample points corresponding to each of the overlapping regions (Figure 2b). A tour that311

visits a visibility region, Vi, must cross or touch the boundary of Vi as long as there is at least one other312

visibility region, say Vj , that does not overlap with Vi. If Vi overlaps with all other visibility regions in313

V , then such a tour must either cross the boundary of Vi or the boundary of an overlapping region in the314

interior of Vi, unless all visibility regions in V overlap at a single point— in which case the tour reduces315

to a single point. Hence, this construction of GTSP point clusters is sufficient to find a tour for the aerial316

robot that visits each visibility region.317

The flow diagram shown in Figure 5 shows the steps to compute a GTSP sub-instance to solve URPT.318

Each point corresponds to a unique vertex in the input to the GTSP instance, V =
m⋃
i=1

Si. We add an319

edge between every pair of vertices and define the cost function, cij : V × V → R+, as the length of320

path for the aerial robot to go from vi to vj , where vi, vj ∈ V . In case of constant resolution monitoring321

(variable altitude flight), the cost function computation accounts for three dimensional cost of travel of322

the UAV. When vi and vj are copies of the same sample point, then the cost to travel between them is323

zero. Note that because of the copies created due to overlapping visibility regions, the clusters will be324

non-overlapping.325

In this form, the problem reduces to an instance of the GTSP. The solution to GTSP is a tour that326

visits at least one point in each cluster. Although GTSP is NP-Hard, there are specialized solvers such327
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Fig. 5: Flowchart showing the steps to compute the GTSP sub-instance to find a solution to URPT.

as the one presented in [32], which can find efficiently the optimal solution for large instances. In the328

next section, we show empirical results in support of this. An alternative strategy is to solve the GTSP329

instance directly using an Integer Linear Programming (ILP) formulation with branch-and-cut. We give330

the ILP formulation in the supplementary document.331

B. Extensions332

In some cases, it may be required for the robot to take images of the points of interest from a fixed333

height relative to the point of interest. In this case, the sampled points on the boundary of the visibility334

will be at different heights and the edges connecting them may require the robot to change altitudes. By335

virtue of considering the length of the tour within the objective function this only affects the way the336

edge costs are computed. Additionally, if the field of view of the camera is not a cone but instead is337

rectangular, it can easily be incorporated as long as the visibility regions can be computed.338

VI. SIMULATION RESULTS339

The performance of the two stage strategy is evaluated using IBM ILOG CPLEX library (version 12.7)340

in C++11 and GLNS solver [32] in Julia. For visualization, we use MATLAB R2017a with TIN based341

modeling of the terrain. The simulations were run on a laptop machine with an Intel i7 CPU with 2 cores342

with a RAM of 16 GB.343

A. Instance Generation344

To generate the simulation instances we use an environment of size 200×200 units. A 10×10 grid is345

placed on the environment and terrain altitude at each grid point is sampled randomly between 0 and346

100 units. A TIN representation of the terrain was then generated by a piecewise triangular interpolation347

between neighboring grid points. The aerial robot flight altitude was fixed at 125 units (clear of all terrain348

features). Size of the set P of points to be monitored on the terrain was varied from m = 4 to 15. The349

camera FOV view angle δ was varied from 20◦ to 40◦ in steps of 10. The value of sampling resolution350
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(a) (b)

Fig. 6: Aerial robot tours generated by (a) GLNS solver and (b) ILP solver. The tour is shown in cyan color. In both the cases, the tour is
the same for this particular instance.

Number of instances optimally solved by the ILP solver.

m
δ = 20◦ δ = 30◦ δ = 40◦

d = 20 d = 30 d = 40 d = 20 d = 30 d = 40 d = 20 d = 30 d = 40
4 20 (20) 20 (20) 9 (20) 20 (20) 19 (20) 7 (20) 20 (20) 18 (20) 13 (20)
6 14 (20) 0 (20) 0 (20) 10 (20) 0 (20) 0 (19) 7 (20) 0 (20) 0 (19)
8 0 (20) 0 (20) 0 (18) 0 (19) 0 (17) 0 (8) 0 (18) 0 (13) 0 (8)

TABLE I: The table shows the number of instances solved optimally by the ILP solver. Numbers in bracket represent the number of instances
for which the solver could compute at least a feasible solution within 900 seconds.

parameter d, that determines the number of points sampled on the boundary of the terrain, was varied351

from 20 to 50 in steps of 10. For each combination of parameters we generated 20 different environments.352

We use the GLNS solver in slow mode setting and allowed a maximum time limit of 600 seconds to353

directly solve the GTSP instance. The baseline method, ILP formulation, was implemented in a branch-354

and-cut framework using the lazy callback functionality of IBM ILOG CPLEX library. The solver was355

allowed to run for a maximum time of 900 seconds for each instance.356

B. Results357

We discuss the simulation results for GTSP instances generated using visibility regions to compute358

tours for the aerial robot. Sample paths generated using the two solution methods are shown in Figure359

6. We report two sets of quantitative results. We first compare the performance of GLNS with respect to360

the ILP formulation. Then, we evaluate the scalability of using the GLNS solver to solve URPT.361

The ILP solver (IBM ILOG CPLEX) returns a lower bound on the solution along with the solution362

found. When it finds the optimal solution, these two quantities are the same. We use these lower bounds363

to benchmark our solutions and report the relative gap as the quality measure of the solution. Table I gives364

the number of instances optimally solved by the ILP solver in 900 seconds. It also shows, in brackets, the365

number of instances for which the ILP solver was able to find a feasible, but not necessarily an optimal366

solution. In table II, we show the relative gap for the ILP solutions. We observe that the ILP solver was367

not able to find any feasible solution for a sizable number of instances, especially as d and δ increase.368

While an increase in the time limit would result in more instances being solved, we expect the trend to369

be the same.370

The GLNS method on the other hand, is able to find a feasible solution in all instances. In Table III, we371

show the relative gap of solutions computed by GLNS from ILP generated lower bounds. These results372
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Mean percentage relative gap of ILP generated solutions.

m
δ = 20◦ δ = 30◦ δ = 40◦

d = 20 d = 30 d = 40 d = 20 d = 30 d = 40 d = 20 d = 30 d = 40
4 0 (0) 0 (0) 5.3 (5.9) 0 (0) 1 (4.7) 13.0 (16.9) 0 (0) 2.2 (7.7) 14.2 (24.9)
6 4.7 (9.8) 25.9 (10.7) 32 (11.4) 18.2 (23.4) 45.3 (16.8) 51.3 (14.5) 28.9 (28.1) 58.5 (17.8) 68.5 (18.7)
8 33.7 (14.3) 43.7 (17.6) 45.3 (14.8) 52.3 (18.2) 65.1 (16.3) 65.7 (13) 74.99 (18.4) 79.6 (14.3) 87.5 (9.3)

TABLE II: Relative gap for best ILP solutions w.r.t. solver generated lower bound within a maximum time limit of 900 seconds. Numbers
in bracket are standard deviation.

Mean percentage relative gap of GLNS solver solution w.r.t. ILP generated lower bounds.

m
δ = 20◦ δ = 30◦ δ = 40◦

d = 20 d = 30 d = 40 d = 20 d = 30 d = 40 d = 20 d = 30 d = 40
4 0 (0) 0 (0) 4.8 (5.6) 0 (0) 1 (4.5) 12.4 (16.7) 0 (0) 2.1 (7.4) 14 (24.7)
6 4.5 (9.5) 24.7 (11.2) 30.1 (12.2) 17.8 (23.1) 44.8 (16.8) 52.3 (18.2) 28.4 (27.9) 57.3 (18) 68 (19.8)
8 31.6 (15.2) 41.7 (17.8) 48.2 (23.2) 53.1 (20.8) 68.2 (20) 85.1 (20.2) 76.2 (19.7) 85 (16.1) 94 (10.2)

TABLE III: Mean percentage relative gap of GLNS solutions w.r.t. ILP solver generated lower bounds. The numbers in bracket represent
the standard deviation.

are only reported for instances for which the ILP solver could compute a lower bound. The ILP solver373

is not able to solve large instances (m = 10, d = 50) and hence we show results for up to m = 8. The374

relative gap for the generated solutions rises quickly with increase in the value of m and δ (Tables II and375

III). Note that the relative gap is computed with respect to the lower bound and therefore zero relative376

gap is sufficient but not necessary condition to declare optimality. Tables IV and V show the average377

time taken by the two solvers to compute solutions to URPT. As the size of the instance grows the ILP378

witnesses an exponential increase in computation time. The computation time for GLNS based solver is379

less by up to two orders of magnitude for instances of this scale. The ILP based solver times out for all380

instances for m=8 and above.381

We also show results for solving larger instances of URPT while using GLNS as a subroutine. Problem382

size for the GTSP sub-instance increases as the size of the URPT instance increases. We express the size383

of a problem instance in terms of the total number of vertices in the GTSP instance. Figure 7a shows the384

effect of increase in the value of the resolution parameter, d, and the number of points to be monitored385

in the environment. The size of the problem instances increases to more than 4000 vertices for m = 15,386

as seen in Figure 7b. The corresponding computation time also increases but is still significantly faster387

than the ILP approach.388

It is interesting to note from Figure 7c that the quality of the tours, i.e., tour cost, does not improve389

proportionately with increase in the resolution. There is only a minimal effect of increasing the number390

of points on the boundary of a visibility region beyond 20. Thus, even for very large number of input391

points (m), one can use a coarser discretization (δ, d) to yield a small GTSP instance which can be solved392

quickly, without sacrificing on solution quality.393

Time taken by GLNS solver for the optimization process in seconds.

m
δ = 20◦ δ = 30◦ δ = 40◦

d = 20 d = 30 d = 40 d = 20 d = 30 d = 40 d = 20 d = 30 d = 40
4 0.49 0.55 0.53 0.53 0.52 0.59 0.53 0.57 0.64
6 0.57 0.56 0.71 0.58 0.7 0.81 0.62 0.75 1.00
8 0.59 0.79 0.94 0.71 1.02 1.6 0.95 2.1 4.8

TABLE IV: Table shows the average time taken (in seconds) by GLNS solver to compute the best solution.
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Fig. 7: Figure shows results for using GLNS to solve the GTSP subsinstance to find solutions to URPT. (a) Effect of sampling resolution on
size of the GTSP instance. (b) Effect of sampling resolution on computation time. (c) Effect of sampling resolution on tour cost. The plots
show the median values with whiskers marking the 1st and 3rd quartiles.

Mean time taken (in seconds) by the ILP solver for the optimization process.

m
δ = 20◦ δ = 30◦ δ = 40◦

d = 20 d = 30 d = 40 d = 20 d = 30 d = 40 d = 20 d = 30 d = 40
4 13.3 (13.3) 166.4 (166.4) 342.8 (649.4) 22.9 (22.9) 195.3 (230.6) 249.4 (672.5) 31.4 (31.4) 113.3 (192.0) 257.8 (482.7)
6 575.2 (672.7) - (900.3) - (900.4) 420.9 (660.6) - (900.4) - (900.4) 447.20 (741.8) - (900.3) - (900.4)
8 - (900.4) - (900.6) - (900.5) - (900.4) - (900.4) - (900.3) - (900.6) - (900.4) - (900.32)

TABLE V: Table shows the average time taken by ILP solver to compute the optimal solution. The numbers in bracket represent the time
taken by the solver to compute the best solution over all instances (includes instances for which the solver could not compute an optimal
solution). All numbers are in seconds. A ‘-’ signifies that the solver was not able to compute the optimal solution for any instance. The
number in bracket in case of ‘-’ , is always 900, signifying that the solver always timed out.
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(a) (b)

(c) (d)

Fig. 8: (a) Operational area for the field trials. (b) DEM of the topography showing the placement of targets. (c) Visibility regions for the
monitoring targets computed using the strategy discussed in Section III-B. (d) Top view of the operational area showing the UAV path in
cyan color and visibility regions.

VII. FIELD EXPERIMENTS394

We demonstrate and validate the applicability of our solution method in field experiments conducted395

inside the campus of IIIT-Delhi. The operational area for the experiments is shown in Figure 8(a). A DJI396

Phantom 4 quadrotor was used to perform the experiments. The quadrotor was operated in the downward397

facing setting and operated at an altitude of 50 m. The DJI Phantom 4 has a field of view of 70◦ × 50◦398

in the downward facing mode. We use the field of view as 30◦ in our proof-of-concept experiment.399

A DEM of the area was created using PIX4D and modeled using a TIN representation. Four target points400

were placed in the area as shown in Figure 8(b). Visibility regions for each target were computed using401

the visibility computation strategy given in Section III-B (Figure 8(c)). Value of the sampling resolution402

parameter d was set to 30. Path for the quadrotor was computed as solution to the corresponding GTSP403

sub-instance solved using GLNS solver, as shown in Figure 8(d). The solver was run on a laptop machine404

with an Intel i7 CPU with 2 cores with a RAM of 16 GB. The aerial views of the four target points placed405

in the environment as observed by the quadrotor are shown in Figure 9. Experiment footage showing the406

UAV flight and camera imagery is available in the accompanying supplementary material. This serves407

to demonstrate that the presented method can be used in a practical setting with real-world operational408

conditions.409
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(a) (b)

(c) (d)

Fig. 9: Aerial views of points of interest from the quadrotor during experiments.

VIII. CONCLUSION AND FUTURE WORK410

In this paper, we study the problem of visually monitoring a set of points of interest on a terrain. Unlike411

previous visual monitoring work, our focus is explicitly on handling constraints that arise due to limited412

field-of-view of the robot’s camera and obstruction to camera visibility as well as robot trajectory due to413

the terrain itself. We presented a polynomial time approximation algorithm with a constant approximation414

factor and a practical algorithm that solves a GTSP sub-instance to find solutions in reasonable amounts415

of time. Notably, the GTSP based solution outperforms a branch-and-cut ILP solver. We show proof-of-416

concept using field deployment of a UAV to visually monitor points of interest in a campus environment.417

The work done in this paper can be extended in a number of ways. A straightforward extension is to418

plan with more degrees of freedom. For example, orientation of the camera may be controllable (e.g.,419

with the aid of a gimbal). This can be incorporated by sampling the 3D pose at each point within the420

clusters, each of which becomes a separate vertex in the GTSP input graph. Kinematic constraints of the421

aerial robot as in the case of fixed-wing type UAVs may also be incorporated by modifying the edge cost422

computation to be the length of the shortest Dubins’ path. Other important extensions include addressing423

the multiple UAV version and considering fuel limitations of the UAV. From a theoretical standpoint, the424

approximation ratio is a constant which is independent of the number of input points but does depend425

on terrain geometry. Removing this dependence and tightening the analysis is an immediate avenue of426

research.427

Future directions include relaxing the assumption on accuracy of the terrain model and to account428

for observation/modeling errors within route planning. Route planning with online image processing and429

considering the time taken to process the images is another interesting direction of future study. Online430

solution methods that account for sensing, actuation and/or localization inaccuracies are also relevant431

problems to extend this work.432
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APPENDIX433

BRANCH-AND-CUT ILP FORMULATION434

To formulate the problem as an Integer Linear Program, we define binary decision variables, yij , for435

each pair of vertices vi and vj in the set V . Recall that P is the set of points of interest that the UAV436

needs to monitor, Vi is the visibility region corresponding to pi, Si ∈ S is the set (cluster) of sample437

points corresponding to Vi, V =
m⋃
i=1

Si is the set of vertices in the GTSP sub-instance and the function,438

c : V × V → R+, gives the cost for the UAV to travel between two vertices in the set V . Here, yij = 1 if439

the aerial robot visits vi and vj vertices in order. Let δ+(X) denote the set of pairs (i, j) such that vi ∈ X440

and vj ∈ V \X and P(X) denote the power set of X . The objective function and constraints of the ILP441

formulation are defined as:442

Objective:
min

∑
vi∈V

∑
vj∈V

cijyij (4)

Degree Constraints:∑
vj∈V\vi

yji −
∑

vj∈V\vi

yij = 0, ∀vi ∈ V (5)

∑
vi∈Sk

∑
vj∈V\Sk

yji = 1, ∀k ∈ [1 . . .m] (6)

Sub-tour Elimination Constraints:∑
(i,j)∈δ+(s)

yij = 1, ∀s ∈ P(S) \ {S, φ} (7)

Variable Domain:
yij ∈ {0, 1} ∀vi, vj ∈ V (8)

Equations (5) and (6) represent tour constraints and ensure each visibility region is visited. Equation443

(7) represents the set of sub-tour elimination constraints. The number of sub-tour elimination constraints444

grows exponentially with increase in the number of visibility regions. Therefore, we employ a branch-445

and-cut strategy to solve the ILP formulation. A relaxed formulation, minus the sub-tour elimination446

constraints is given as input to the solver. A separation algorithm (Algorithm 2) computes valid inequalities447 ∑
(i,j)∈δ+(κ) yij = 1 at runtime and adds them to the formulation to ensure feasibility of the final solution.448
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